In this paper, the non-local theory of elasticity is applied to obtain the dynamic interaction between two collinear cracks in functionally graded piezoelectric materials under the harmonic anti-plane shear stress waves for the permeable electric boundary conditions. To make the analysis tractable, it is assumed that the material properties vary exponentially with coordinate vertical to the crack. By means of the Fourier transform, the problem can be solved with the help of a pair of triple integral equations that the unknown variable is the jump of the displacement across the crack surfaces. These equations are solved by use of the Schmidt method. Unlike the classical elasticity solutions, it is found that no stress and electric displacement singularities are present at the crack tips. The non-local elastic solutions yield a finite stress at the crack tips, thus allows us to use the maximum stress as a fracture criterion. The finite stresses at the crack tips depend on the crack length, the distance between two cracks, the functionally graded parameter, the circular frequency of the incident waves and the lattice parameter of the materials, respectively.
Introduction
The coupling nature of piezoelectric materials has attracted wide applications in electric-mechanical and electric devices, such as electric-mechanical actuators, sensors and structures. Therefore, it is of great importance to study the electro-elastic interaction and fracture behavior of piezoelectric materials (1) - (6) . On the other hand, the development of functionally graded materials (FGMs) has demonstrated that they have the potential to reduce the stress concentration and increase of fracture toughness. Consequently, the concept of FGMs can be extended to the piezoelectric materials to improve the reliability of piezoelectric materials and structures. Some applications of functionally graded piezoelectric materials (FGPMs) have been made (7) . Recently, the fracture problems of FGPMs have been considered in Refs. (8) - (13) . To our knowl-edge, Li and Weng (13) first applied the concept of fracture mechanics on a finite crack in a strip of functionally graded piezoelectric material. They found that the singular stress and the singular electric displacement at the crack tips in FGPMs carry the same forms as those in the homogeneous piezoelectric materials but the magnitudes of the intensity factors are dependent on the gradient of the FGPM properties. However, these solutions (8) - (13) contain stress and the electric displacement singularities at the crack tips. This is not reasonable according to the physical nature. In fact, the stress and the electric displacement fields near the crack tips should be finite. As a result of this, beginning with Griffith, all fracture criteria in practice today based on other considerations, e.g. energy, the J-integral (14) and the strain gradient theory (15) . Now the main difficulty is remained ambiguous how to provide effective fracture criteria for functionally graded piezoelectric materials.
To overcome the stress singularities at the crack tips in the classical elastic fracture theory, Eringen (16) - (18) used the non-local theory to discuss the stresses near the tips of a sharp line crack in an isotropic elastic plate subject to uniform tension, shear and anti-plane shear, and the resulting solutions did not contain any stress singularities at the crack tips. The stress fields near the crack tips were finite. This allows us to use the maximum stress as a fracture criterion. In contrast to these local approaches, of zero-range internal interactions, the modern non-local continuum mechanics originated and developed in the last five decades. Edelen (19) contributed some mathematical formalism while Green (20) simply enunciated some postulates for the non-local theory. On the other hand, Eringen (21) contributed not just the complete physics and mathematics of the non-local theory but also, in addition, shaped the theory into a concrete form making it viable for practical applications to boundary value problems. According to the non-local theory, the stress at a point X in a body depends not only on the strain at point X but also on that at all other points of the body. This is contrary to the classical theory that the stress at a point X in a body depends only on the strain at point X. In Ref. (22) , the basic theory of non-local elasticity was stated with emphasis on the difference between the non-local theory and the classical continuum mechanics. The basic idea of non-local elasticity is to build a relationship between macroscopic mechanical quantities and microscopic physical quantities within the framework of continuum mechanics. The constitutive theory of non-local elasticity has been developed in Ref. (19) , in which the elastic modulus is influenced by the microstructure of the material. Other results have been given by the application of non-local elasticity to the fields such as a dislocation near a crack (23) , (24) and fracture mechanics problems (25) , (26) . The results of those concrete problems that were solved display a rather remarkable agreement with experimental evidence. This can be used to predict the cohesive stress for various materials and the results close to those obtained in atomic lattice dynamics (27) , (28) . Recently, some static and dynamic fracture problems (29) - (35) in an isotropic elastic material, the functionally graded materials and the piezoelectric material have been studied by use of the non-local theory. The traditional concept of linear elastic fracture mechanics and the non-local theory are extended to include the piezoelectric effects and the functionally graded materials. However, to our knowledge, the traditional concept of linear elastic dynamic fracture mechanics and the non-local theory have not been extended to include the functionally graded piezoelectric effects for two collinear cracks, in which the shear modulus, the piezoelectric coefficient, the dielectric parameter and the material density vary exponentially with coordinate vertical to the crack. Thus, the present work is an attempt to fill this information needed. Here, we just attempt to give a theoretical solution for this problem.
In the present paper, the dynamic interaction between two collinear permeable cracks subjected to the harmonic anti-plane shear stress waves in functionally graded piezoelectric materials is investigated by use of the non-local theory. The traditional concept of linear elastic dynamic fracture mechanics and the non-local theory are extended to include the functionally graded piezoelectric effects. To overcome the mathematical difficulties, a one-dimensional non-local kernel is used to instead of a two-dimensional one for the dynamic fracture problem to obtain the stress and the electric displacement fields near the crack tips. To make the analysis tractable, it is assumed that the material properties vary exponentially with coordinate vertical to the crack. Fourier transform is applied and a mixed boundary value problem is reduced to a pair of triple integral equations that the unknown variable is the jump of the displacement across the crack surfaces. To solve the triple integral equations, the jump of the displacement across the crack surface is expanded in a series of Jacobi polynomials and the Schmidt method (36) is used. As expected, the solution in this paper does not contain the stress and the electric displacement singularities at the crack tips. The stress and the electric fields for the non-local theory are similar to that of the classical elasticity solution away from the crack tips. Near the crack tips, a lattice parameter tends to control the amplitude of the stress and the electric displacement fields.
The Crack Model
It is assumed that there are two collinear cracks length 1 − l along the x-axis in the functionally graded materials as shown in Fig. 1 . 2l is the distance between the two cracks (The solution of two collinear cracks of length r − l in the piezoelectric materials can easily be obtained by a simple change in the numerical values of the present paper for crack length 1 − l/r, r > l > 0). A Cartesian coordinate system (x,y) is positioned as shown in Fig. 1 . In this paper, the harmonic elastic stress wave is vertically incident to the crack. Let ω be the circular frequency of the incident wave. w zk0 (x,y,t) and D ( j) k0 (x,y,t) (k = x, y, j = 1, 2) are the anti-plane shear stress field and in-plane electric displacement field, respectively. Also note that all quantities with superscript j ( j = 1, 2) refer to the upper half plane 1 and the lower half plane 2 as shown in Fig. 1 , respec- tively. Because the incident waves are the harmonic antiplane shear stress waves, all field quantities of w
zk0 (x,y,t) and D ( j) k0 (x,y,t) can be assumed to be of the forms as follows:
In what follows, the time dependence of e −iωt will be suppressed but understood. The piezoelectric boundary-value problem for anti-plane shear is considerably simplified if we consider only the out-of-plane displacement and the in-plane electric displacement fields as shown in Fig. 1 . As discussed in Ref. (37), permeable condition will be enforced in the present study, i.e., both the electric potential and the normal electric displacement are assumed to be continuous across the crack surfaces. Here, the standard superposition technique was used in the present paper. So the boundary conditions of the present problem are (In this paper, we just consider the perturbation stress and the perturbation electric displacement fields): τ
yz (x,0
yz (x,0 − )
where τ 0 is a magnitude of the incident wave.
Basic Equations of Non-Local Functionally Graded Piezoelectric Materials
In the absence of body forces and free charges, the basic equations of two-dimensional anti-plane of functionally graded piezoelectric materials, non-local elastic solid, with the variable shear modulus and the variable material density are
where
∂t 2 . ρ(y) is the material density. The only difference from the classical electric-elastic theory and the non-local theory is in the stress and the electric displacement constitutive equations (8) and (9) in which the stress τ
zk (X) and the electric displacement D
,k (X), at all points X of the body. For the isotropic functionally graded piezoelectric materials there exist only three material parameters, c 44 (|X − X|), e 15 (|X − X|) and ε 11 (|X − X|). The integrals in Eqs. (8) and (9) are over the volume V of the body enclosed within a surface ∂V. As discussed in Refs. (38) and (39), it can be assumed in the form of c 44 (|X − X|), e 15 (|X − X|) and ε 11 (|X − X|) for which the dispersion curves of plane elastic waves coincide with those known in lattice dynamics. Among several possible curves the following has been found to be very useful (c 44 
where α(|X − X|) is known as the influence function.
Crack problems in the functionally graded piezoelectric materials do not appear to be analytically tractable for arbitrary variations of material properties. Usually, one tries to generate the forms of non-homogeneities for which the problem becomes tractable. Similar to the treatment of the crack problem for isotropic non-homogeneous materials in Refs. (8) - (13), we assume the material properties are described by:
(c 44 (y),e 15 (y),ε 11 (y),ρ(y)) = (c 440 ,e 150 ,ε 110 ,ρ 0 )e λy (11) where c 440 , e 150 , ε 110 and ρ 0 are the shear modulus, the piezoelectric coefficient, the dielectric parameter and the mass density along y = 0, respectively. They are constants. λ is the functionally graded parameter. λ 0 is the case for the functionally graded materials. When λ = 0, it will return to the homogeneous piezoelectric material case in Ref. (33) .
Substituting Eqs. (10) and (11) into Eqs. (8) and (9) 
The expressions (14) and (15) are the classical constitutive equations for the functionally graded piezoelectric materials.
The Triple Integral Equation
Substituting Eqs. (12) and (13) into Eqs. (6) and (7) and using the Green-Gauss theorem leads to (16) - (18) :
2 is the two-dimensional Laplace operator. Here the surface integral may be dropped since the mechanical displacement and the electric displacement fields vanish at infinity.
As discussed in Ref. (16) , it can be obtained that [σ (1) yz (x,0 + ) − σ 
What now remains is to solve the integrodifferential equations (18) and (19) for the anti-plane mechanical displacement w ( j) (x,y) and the electric potential φ ( j) (x,y). It is impossible to obtain a rigorous solution at the present stage. It seems obvious that in the solution of such a problem we encounter serious if not unsurmountable mathematical difficulties and will have to resort to an approximate procedure. In the given problem, as discussed in Refs. (40) and (41), it is assumed that the non-local interaction in the y-direction is ignored. This is a purely assumption for mathematical tractability. In view of our assumptions, it can be given as
. β is a constant and can be determined by experiment. a is the characteristic length. The characteristic length may be selected according to the range and sensitivity of the physical phenomena. For instance, for the perfect crystals, a may be taken as the lattice parameter. For a granular material, a may be considered to be the average granular distance and for a fiber composite, the fiber distance, etc. In the present paper, a is taken as the lattice parameter. Substituting Eq. (20) into Eqs. (18) and (19), and using the Fourier transform with x can be given as follow:
A superposed bar indicates the Fourier transform through the paper. Because of the symmetry, it suffices to consider the problem for x ≥ 0, |y| < ∞. The general solutions of Eqs. (21) and (22) satisfying Eq. (5) are, respectively:
where A 1 (s), B 1 (s), A 2 (s), B 2 (s) are to be determined from the boundary conditions.
Substituting Eqs. (23) and (24) ε 110 . According to the boundary conditions (2) - (4), it can be obtained that σ 
To solve the problem, the jump of the displacement across the crack surfaces is defined as follows:
Substituting Eqs. (23) and (24) into Eq. (31), applying the boundary conditions (3) and (4) and the Fourier transform, it can be obtained
By solving four equations (29), (30) and (32), (33) with four unknown functions, it can be obtained that
Substituting Eqs. (25) - (28) into Eqs. (12) and (13) and applying α from Eq. (20), it can be obtained We carry out integrations on x . To this end we note the following integral (42) , (40) Applying the boundary conditions (2) - (4), it can be obtained:
Since the only difference between the classical and the non-local equations is in the introduction of the function
4β 2 , it is logical to utilize the classical solution to convert the system equations (41) and (42) to an integral equation of the second kind that is generally better behaved. For a = 0, then g(s) = 1 and Eqs. (41) and (42) reduce to the triple integral equations for the same problem as in classical piezoelectric materials. To determine the unknown functionf (s), the triple integral equations (41) and (42) must be solved.
Solution of the Triple Integral Equations
The triple integral equations (41) and (42) 
where J n (x) is the Bessel function of order n.
(l is the length of the crack.)
The limit of tk(ε t)J 0 (xt)J 0 (ut) is unequal to zero for t → ∞. So the kernel L(x,u) in Ref. (18) is divergent. Of course, the triple integral equations (41) and (42) (35) is used to solve the triple integral equations (41) and (42) . The jump of the displacement across the crack surfaces is represented by the following series:
where a n is unknown coefficients to be determined and
is a Jacobi polynomial (42) . The Fourier transform (43) of Eqs. (43) and (44) is
Γ(x) and J n (x) are the Gamma and Bessel functions, respectively. Substituting Eq. (45) into Eqs. (41) and (42), respectively, Eq. (42) can be automatically satisfied. Then the remaining equation (41) reduces to the form,
For a large s, the integrands of Eq. (46) are almost decreases exponentially. So they can be evaluated numerically. Equation (46) can now be solved for the coefficients a n by the Schmidt method (36) . It can be seen in Refs. (30) - (36) . Here, it was omitted.
Numerical Calculations and Discussion
To check the numerical accuracy of the Schmidt method, the values of 2 9 n=0 a n E * n (x)/(πτ 0 ) Table 1 Values of 2   9   n=0 a n E * n (x)/(πτ 0 ) for a/β = 0.002, ω/c 1 = 0.2, l = 0.1, λ = 0.4 Table 2 Values of a n for a/β = 0.002, ω/c 1 = 0.3, l = 0.1, Table 1 for a/β = 0.002, Table 2 , the values of the coefficients a n are given for a/β = 0.002, ω/c 1 = 0.3, l = 0.1, λ = 0.4. As discussed in the works (30) - (36) and the above results, it can be also obtained that the real part of 2 9 n=0 a n E * n (x)/(πτ 0 ) is very close to unity, the imaginary part of 2 9 n=0 a n E * n (x)/(πτ 0 ) is very small and the coefficients a n tend to zero. So it can be seen that the Schmidt method is performed satisfactorily if the first ten terms of infinite series of Eq. (46) are retained. The coefficients a n are known, so that entire stress and the electric displacement fields can be obtained. However, in fracture mechanics, it is of importance to determine the perturbation stress τ yz and the perturbation electric displacement D y in the vicinity of the crack tips. In this case, τ yz and D y along the crack line can be expressed respectively as
So long as a/β 0, the semi-infinite integration and the series in Eqs. (47) and (48) are convergent for any variable x. Equations (47) and (48) give finite stress and electric displacement all along y = 0, so there is no stress and electric displacement singularities at the crack tips. However, for a/β = 0, we have the classical stress and electric displacement singularities at the crack tips. At l < x < 1, τ (1) yz /τ 0 is very close to negative unity, and for x > 1, τ (i) The traditional concepts of the non-local theory are firstly extended to solve the fracture problem of functionally graded piezoelectric materials. Here, we just attempt to give a theoretical solution for this problem. It can be found that the stress and electric displacement fields in the functionally graded piezoelectric materials carry the same forms as those in a homogeneous piezoelectric materials (33) but the magnitudes of the stress and electric displacement fields are dependent on the gradient of the functionally graded piezoelectric material properties.
(ii) For a/β 0, it can be proved that the semi-infinite integrations and the series in Eqs. (47) and (48) are convergent for any variable x. So the stress and the electric displacement fields are finite all along the crack line, thus allows us to use the maximum stress as a fracture criterion. Contrary to the classical piezoelectric theory solution, it is found that no stress and electric displacement singularities are present at the crack tips, and also the present results converge to the classical ones when far away from the crack tips as shown in Figs. 2 -7 . The maximum stress and the electric displacement do not occur at the crack tips, but slightly away from it as shown in Figs. 3, 4 and Figs. 6, 7. This phenomenon has been thoroughly substantiated in Ref. (44) . The distance between the crack tip and the maximum stress point is very small, and it depends on the crack length, the frequency of the incident stress waves, graded piezoelectric materials. These triple integral equations can be solved by using the singular integral equation for the same problem as in the local functionally graded piezoelectric materials problem. However, the stress and the electric displacement singularities are present at the crack tips in the local functionally graded piezoelectric materials problem as well known.
(iv) The results of the stress and the electric displacement fields at the crack tips tend to decrease with the in- Table 3 . This is the same as shown in Ref. (18) . For the electric displacement field, it has the same changing tendency as the stress field as shown in Figs. 2 -11 . However, the amplitude values of the electric displacement filed and the stress field are different. The amplitude values of the electric displacement filed is very small as shown in Figs. 5 -7, 9 and 11.
(v) The stress field and the electric displacement field at the crack tips decrease with increase of the function- Table 4 The stress at the crack tips versus x for l = 0.1, a/β = 0.002 and ω/c 1 = 0.2 as shown in Fig. 10 ally graded parameter λ as shown in Figs. 10, 11 and in Table 4 . This phenomenon is the same as the results in Ref. (45) . Hence, the stress intensity factors can be reduced by adjusting the functionally graded parameter λ. When λ = 0, the present problem will revert to the same problem as studied in Ref. (33) . The results of the present paper are the same as ones in Ref. (33) as shown in Figs. 10 and 11. Certainly, the solving process of the present paper is similar with ones of Refs. (30) - (35) . However, the (vii) From results as shown in Fig. 12 , the stress fields near the crack tips increase with increase of the circular frequency of the incident waves until reaching the first peak value at ω/c 1 ≈ 0.90, then they decrease with increase in magnitude. This variation tendency similar to one as in the local functionally graded piezoelectric material fracture problem as well known.
(viii) The stress and the electric displacement fields near the inner crack tips are larger than ones near the outer crack tips as shown in Figs. 2 -13 and in Tables 3 and 4 . From results as shown in Fig. 13 , the stress fields at the crack tip decrease with increase of the crack length, i.e., the interaction of two collinear crack decreases with increase of the distance between two collinear cracks.
Conclusion
In the present paper, the traditional concepts of the non-local theory are firstly extended to solve the fracture problem of functionally graded piezoelectric materials. As expected, the solution in this paper does not contain the stress and the electric displacement singularities at the crack tips. It can be obtained that the solution of the present paper yields a finite stress at the crack tips, thus allows us to use the maximum stress as a fracture criterion.
